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X. The Effect produced by an Obstacle on a Train of Electric Wauves.

By Prof. H. M. MacpoNALD, F.R.S., University of Aberdeen.
Received June 21,—Read June 27, 1912.

InTEGRALS of the equations of propagation of electric disturbances in terms of the
electric and magnetic forces tangential to any surface enclosing the sources of the
disturbances have been already obtained.® It is proposed in what follows to apply
these expressions to obtain the effect of an obstacle on a train of electric waves. The
effect of the obstacle can be represented by a distribution of sources throughout the
space occupied by the obstacle, and the determination of this distribution or, as
appears from the investigation referred to above, the determination of the electric
and magnetic forces tangential to the surface of the obstacle due to this distribution
of sources, constitutes the solution of the problem. If X', Y', Z', &/, B/, 5/ denote the
components of the electric and magnetic forces respectively at the point & 5, { on the
surface of the obstacle due to the distribution of sources inside it which represents its
effect, X';, Y', Z';, o/}, B, v denote the values of these quantities when ¢—»/V is
substituted for ¢, where V is the velocity of propagation of the disturbances, and
r={(x—&)’+(y—m)*+(2—{)’}"* is the distance of any point x, %, z from the point
& m, {, and [, m, n are the direction cosines of the normal to the surface at the point
&, m, { drawn into the space external to the obstacle, the components of the magnetic
force at any point outside the obstacle due to the obstacle are given by

— L2272 Bas- L[ 2 Y, B 2 LK
a—'4178tﬂ[8y7‘ oz r @3 477” 8w2r+8x8yr+8xaz7‘ Viot? r s,

yo Loqifoe_dylgg 1 ([ & X @Y & Z L&Y
A= 4 ot .” [8z r o r] a5 4 H [axay » oy* 7 * oyoz r V?ot’ r:I s,

_Lof[eaB_dalq L(([@ X, &Y #Z_ 1 &L
7_47:-8(‘,”[8907* ay'r]ds 477“[8xaz7+8y8zr+8z2; Vzatzw]d&,’_

* MACDONALD, ““Electric Waves,” 1902, pp. 16-117, ‘Proc. Lond. Math. Soc.,” 1911.
VOL. CCXIL—A 493. 2 qQ 2 . Published separately, November 13, 1912,
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300 PROF. H. M. MACDONALD ON THE EFFECT PRODUCED BY
and the components of the electric force at the point , ¥, z are given by

X~V2H"a2&+ ¢ B, Py 1 Fag, 1 amaz aY}dS,

=W\ Taeyr Tam e vises Ot all aye T mr

s V[ & e, @B, @y 1
Y_4Wj.j_8x8yr+8y2?+8y8z¢ V2o

[«5]]
b
=
g
3
&

s VI a, & B,y 18y e, ] aj
%= 3ol et e Tadr Viaes) Bt

where

- ’ ’ % A N ’ ’
o = m'}/l—‘nﬁ 1s B = 0 1“—l;\/1, 'y =z ZB 1‘—7')2“ 1s

X =mZ—=nY,, ¥ =naX\~IZ,  Z=I1Y,—mX)

and the integrations are taken over the surface of the obstacle. The quantities

a, B, v are the components of the electric current distribution on the surface which
would produce the tangential magnetic force on the surface due to the distribution of

sources inside it, and the quantities X, Y, Z are the components of the magnetic
current distribution on the surface which would produce the tangential electric force
on the surface due to the distribution of sources inside it. The waves incident on the
surface can be represented as the effect of a distribution of Hertzian oscillators, and
it will therefore be sufficient to consider the effect of a Hertzian oscillator situated at
a point, O, outside the surface and emitting waves of a definite wave-length, 2/«
Now, the conditions to be satisfied at the surface of the obstacle are linear relations
involving the components of the electric and magnetic forces, and therefore the
mtegrands in the above expressions for X, Y, Z, «, 8, v will each contain the factor
e”*0+2) where 7 is the distance of the point (x, v, 2) from the point (£, 4, {) on the
surface, and the quantities #' are other distances. The remaining factors of the
integrands will be non-oscillatory unless the surface has corrugations on it, for which
the interval between successive corrugations is comparable with the wave-length 27/«
of the oscillations. The principal parts of the expressions for X, Y, Z, «, 8, y are
therefore contributed by the portion or portions of the surface in the neighbourhood
of the point or points for which »+2e” is stationary. If the wave-length of the
oscillations is small compared with both principal radii of curvature of the surface at
a point at which r+ e is stationary, the corresponding principal parts of X, Y, Z,
a, B, y are the same for a point, P, very near to this point Q on the surface as if the
point Q were situated on a plane surface. Hence the principal parts of X, Y, Z,
a, B, v at points on the surface are related to the principal parts of the components
of the electric and magnetic forces in the incident waves in the same way as if the
surface were plane, but it should be observed that the incident waves to be taken
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AN OBSTACLE ON A TRAIN OF ELECTRIC WAVES. 301

into account may include waves due to the obstacle in addition to the waves due to
the external oscillator. The electric and magnetic current distributions to be assumed
on the surface of the obstacle are then the same at each point of the surface as if that
point were on an infinite plane surface coinciding with the tangent plane to the
surface of the obstacle at the point, and the principal parts of X, Y, Z, «, B, y at any
point , ¥, z determined on this assumption are the leading terms in the asymptotic
expressions for these quantities.

A Perfectly Conducting Obstacle.

When the obstacle is a perfect conductor the condition to be satisfied at the surface
is that the electric force tangential to the surface vanishes; it follows from the above
that the principal part of the effect of the obstacle is obtained by assuming an electric
current distribution on the parts of the surface on which waves are incident which is
double the electric current distribution that would produce the magnetic force
tangential to the surface in the incident waves, a zero electric current distribution on
the parts of the surface on which no waves are incident, and a zero magnetic current
distribution on all parts of the surface.

Taking first the case where the perfectly conducting obstacle is a convex solid, the
waves incident on any part of the surface are due to the oscillator outside it, and, if
M is the electric current distribution at any point on the surface which would produce
the magnetic force tangential to the surface in the incident waves, the electric current
distribution to be assumed at this point is 2M, if the point is on the part of the
surface of the obstacle next the oscillator, and zero if it is on the part of the surface
remote from the oscillator.

Let the origin of the co-ordinates be at the point O, the axis of the oscillator being
the axis of 2. The components of the magnetic force («, B, y') at the point (£, », {)
due to the oscillator are given by

e (Vi—m) w (Vi—m)

k9 r—_kde _
Voy »n = Vo v =9

a =

where
,',.12 — §2+7)2+C2.

If I, m, n are the direction cosines of the outward drawn normal to the surface at
the point (&, 9, {) on it, the components of the electric current distribution M which
would produce the magnetic force tangential to the surface are

my'—nf3, na' —ly/, I —mdo,

and the above hypothesis is equivalent to assuming an electric current distribution on
the parts of the surface on which waves are incident whose components are

2 (my —nf'), 2 (no' =1y, 2 ({8 —mao),
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302 PROF. H. M. MACDONALD ON THE EFFECT PRODUCED BY

a zero electric current distribution on the parts of the surface in the geometrical
shadow, and a zero magnetic current distribution on all parts of the surface. The
components of the magnetic force at the point (z, y, z) due to this distribution are
by the above

=k [52-E8)
- L l[E3-2

L [0B_ 0y

where
a = 2 (my,—nph), B =2 (na/y—1y'), vy = 2 ({8 —ma'),
= (=& +(y—n)"+ (1),

and the integration is taken over the portion of the surface on which waves from the
oscillator are incident., Now

;o K'r) J e« (VE—r,—7) ;L Ké: D e« (Vi—r—7) ;L
o — ! =0
! V’l"l 87”1 71 ’ ,3 ! ‘77'1 87‘1 I Y1 ’
whence
;=§L‘E§iw, E_ ‘__’7__.8_ x{ven i)) y = _._%lf'i"mnie“(w*ﬁ*?‘),
Vron n Voo n V. o or m
and therefore
@= ——= Hy 0 lE+mny | z— Crm] o ety g
27V | ” " 7 oror,  rry ’

pe ([t ettt o v

roon 7 " oror,  rny ’

K -j n(xn_yf) 82 em(Vt—rl—r) dS

7y oror, Ty

The principal parts of these integrals are contributed by the elements near to the
point for which the exponent of e™*"*? is stationary, that is, by the portion of the
surface in the immediate neighbourhood of the point for which 7,47 is stationary.
The conducting surface being convex towards the point O, at which the oscillator is,
if the point P (x, ¥, 2) is external to the tangent cone drawn from the point O to the
conducting surface or internal to the tangent cone and on the same side of the
conducting surface as the point O, the point for which 7, +7 is stationary is the point
of contact @ of a prolate spheroid which has the points O and P as foci and touches
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AN OBSTACLE ON A TRAIN OF ELECTRIC WAVES. 303

the conducting surface, and, if the point P is internal to the tangent cone from O to
the conducting surface and on the side of the conducting surface remote from the
point O, the point for which 7+ is stationary is the point at which the straight line
OP cuts the conducting surface nearest to the point O. The values of the principal
parts of a, B, v are therefore a,, B3,, y,, where

oy = 2'::\7 {(1&+mno+nb) (y—mo)+71 (pz—Loy)} € "‘V“/Rle?,

«*1
27V

By = — {(lfo‘*'m"?o‘l’nCo) (m—’fo)'*‘n (fow_low)} eth/Rlez’

= — _'53_1_ n (7) w-—fy) 6“‘W/R2R 2
Yo omV o [) 15

where (&, 1, {,) are the co-ordinates of the point Q for which »,+7 is stationary,
I, m, n now denote the direction cosines of the outward drawn normal to the surface
at the point Q, I is the principal value of the integral

” e—uc(rl+r). dS,

and
R = (=& +(y—no)’+(2—6), R= &+l + 0

To calculate the value of I, it is convenient to choose for axes of reference the
normal to the surface at the point Q (&, 7, &) as the axis of {, the tangent to the
surface in the plane of incidence as the axis of & and the perpendicular tangent as
the axis of 9. Let the equation of the surface referred to these axes be

20 = A&+ 2H& +By*+ ...,

let (z,, 0, z,) be the co-ordinates of the point O, and let (a,, yz; 2;) be the co-ordinates
of the point P referred to these axes, then

= ({~m) +9°+({~2), 7 = (E=x3)*+ (n—ya)*+ ({—2),
and further

ngg = (- +({-2) (Af+Hn+...),
r g = (f-m)+({-m) (Af+Hn+ ),
# a’; = n+({—2) (Hé+Bn+...),

on
or
r o = n—y+({—2) (HE+Bn+...).
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- Now, 7+ 1s stationary at the point Q for which

E=n=(=0,
therefore
- Ly, Xy
— 2 = , = 0
R] + R bl ?/1 b
whence
2 7 . 2 2
- =22, th 2= 2
RE- R | at 1s R~ iR

In this result the upper sign corresponds to the case where the point P is external
to the tangent cone from the point O to the surface, or inside the tangent cone and
on the same side of the surface as the point O; the lower sign corresponds to the
case where the point P is inside the tangent cone and on the side of the surface
remote from the point O, and in this case the point Q lies on the straight line OP.
Considering first the case where OQP is a straight line, writing

x, = —R, sin ¢, z, = —R, cos ¢,
it follows from the relations '

ZI/RI‘*'ZQ/R = O, OCI/R1+962/R = O,
that .
x; = Rsin ¢, Yy = 0, 2, = R cos ¢ ;

hence
= R2+2€R, sin ¢+ 2LR, cos ¢+ 249>+,

r? = RP—2€R sin ¢—2¢R, cos p+ E2+7°+ £,
and therefore

= Ri+&sin ¢+ cos p+3 (E84+79°)/Ri—3 &£ sin® ¢/Ri+ ...,

s

7= R—§sin ¢p—{ cos (/>.+-%—(f2+ 7’ V/R——%f“’ sin® /R +...,
whence

e = R+ R+1 (€ cos® p+77) (R +R) 4.,

the remaining terms involving higher powers of £ and .

Now ”g'“‘(”*”) S — “‘e—mmm /\/{1+ <g-§:>2+ <g—f’>2} d€ dn,

where the integral is taken throughout the area bounded by the projection on the
tangent plane at Q to the conducting surface of the curve of contact of the tangent
cone from the point O to the conducting surface. Hence the value of the principal
part of

”e—m(ﬁm ds
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is the principal part of the integral

e—m(R1+R) ”e—l/m(52.;052¢+n2)(R\—1+R-1)+... \/{1+(AE+I‘IY]+ .)2+(Hf+B77+ )2} Olfdn,

that is, writing
k€= ¢, Ky =17,
it follows that

fee]

T =x? [ jm 6-LK(R,+R)—2LK(§'2c0s2¢+n'2)(R,-1+R*!) df' dn',
provided that the point Q, in which OP cuts the conducting surface, is not near to
the curve of contact of the tangent cone from O to the surface with the surface.
Evaluating the above integral, the value of I is given by

—_— 2w RRI —‘LK(R,-I-R)
wecos R+ R, ’

and therefore

w? e (Vi-Ri-

v m {(L&+mmy+nL) (Y—n0)+ 7 (n2— L) }/RR,,

oy = —

ew (Vt—R,—R)

B = %K? R R os {(z§0+mn0+n§0) (90-—§O)A+n (62—L) }/RR,,

e (Vi=Ri-R)

Yo = vm{ n (nix—&y) } [RR,.

Now
&Ry = (x—&)/R,  nfRi=(y—n)/R, &R =(z={)/R,

(L& +mmy+nl,) /R, = —cos ¢,

and

whence, since

(F—m)/R = y/(R:+R),  (2—&)/R = /(R +R),

LK2 y e (Vi—R;—R)

= VR+R R+R

w?  x ex(Vi-Ri-R)
Bo= " VR+R R+R
vo= 0.

Again, the components of the magnetic force at the point P due to the oscillator are

, kD ew (Vi=R~R) ' e 0
B=-v% R+ R y="5

k O ex(Vi-Ri—-R)
= T )
\ , Voy R+R
VOL. CCXIL—A, .2 R

4
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306 PROF. H. M. MACDONALD ON THE EFFECT PRODUCED BY

hence, to the order of approximation adopted, the components of the total magnetic
force at the point P are given by

2 e (Vt—R,—R) o (Vt—R,—R)

oy

LK Yy
o= K e =0,
VR+R R+R V R+R R, +R
2 w (Vi—R,—R) 2 , k (Vi=R,—R)
B= T e K e — 0,

TTVRIR BaR TVRIR RAR
y=0;

that is, the principal part of the magnetic force vanishes at all points inside the
tangent cone from the point O to the surface which are on the side of the surface
remote from O and not near to the boundary of the tangent cone. The principal part
of the electric force also vanishes for these points, and therefore the surface condition,
that the electric force tangential to the surface vanishes, is satisfied for points on the
portion of the conducting surface remote from O inside the tangent cone and not near
to the curve of contact of the tangent cone with the surface.

When the point P is external to the tangent cone or inside the tangent cone on the
same side of the conducting surface as the point O, the relations to be satisfied are

xl/Rl"l'wz/R = O, ZI/RI'—Z2/R = 0,
and, as above, writing

2 = —R, sin ¢, % = —R, cos ¢,
it follows that '
x, = Rsin ¢, Yy = 0, 75 = —R cos ¢,

and
r = Ri+&sin ¢+ cos p+4 (€7 cos® p+9) R+ ...,
r=R—Esin ¢+ cos p+4 (£ cos® p+7°)/R...,
whence
i+ = Ri+R+4 (€ cos® p+79°) (R +R ) +2L cos ...,
that 1s,
r+r = Ri+R+3E {(R,7+R7) cos® p+2A cos ¢} +2H cos péy
+in* (R, + R+ 2B cos ¢} +....
Writing

&= ¢ cosf—nsin b, n = & sin 0+, cos 0,
and choosing @ so that the coefficient of &, #, vanishes, 8 is given by
cot 20 = {2 (A—B) cos p—(R,*+R ) sin* ¢} /4H cos ¢,

and
m+r = R1+R+% (A1§12+ 317)12)+ ceey
where

A +B = (B, +R™) (1+cos® ) +2 (A+B) cos ¢,
AB, = (R, +R™) cos® p+2 (R, 714 R™) (A +B cos? $) cos ¢+ 4 (AB—H?) cos? ¢.
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Now
AB, = {(R,7'+R ™) cos ¢+ A+B cos? p}*—(A—B cos® ¢)*—4H? cos® ¢,

and writing

A—Bcos’ ¢ = 2H cos ¢ cot 24,
this becomes
A\B; = cos® ¢ (R7'— /i) (R = f37),
where

(Ri'+ f17") cos ¢+ A+ B cos® p—2H cos ¢ cosec 2¢s = 0,
(Ri*+ fo™") cos ¢+ A +B cos® ¢+ 2H cos ¢ cosec 2y = 0,
and
2H = (fi'— f27") sin ¢ cos ¢,
Ry M +eos® ¢/ fi+sin® Y[ f,+2B cos ¢ = 0,
R, +sin® ) fi+cos® Y[ f3+2A sec ¢ = 0,
cot 20 = {( f/17'—R™) (cos® y—sin® s cos® ) ,
+(fo ' =R (sin® y—cos® Y cos® p)} [(f17 = o) sin® ¢ cos ¢.

The value of the principal part of the integral
J‘fe—m(rl+r) dS

is now given by
[+ (¢ )
I — K—ze—uc (R, +R) j j e~2_‘;(AI§/2+Bm'z) df, dn/7
—® J -

that 1s,
2 _
1= p~ o (B +R)
e (A By
or
I = 21 (R”l—fl"l)_% (R_l— ]cz—x)—l/2 e~ (Ri+R)
Ltk COS ¢ ‘ ’

and therefore the principal parts of the components of the magnetic force at the point
(%, y, z) due to the surface distribution are given by

oy, = — VL (R“l__fl"l)"‘,’g(R—l__fz—l)—l/2 et (Vi=R,—R)
cos {(lfo +Mmmny+ %Co) (3/_770) +n (ﬂoz—‘ Co?/)}/Rlez,

B, = V_(';K:S_(;[) (R~1_f1—1)—1/2 (R—l_f2—1)—l/2 o (Vi—Ri—R) |
{(lgo +ma,+ nCO) (56— fo) +n (foz - Co"c) }/R2R12’

2
"= Foorg BT AT IR A7) e TR (g )RR
2 R 2
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Writing
gO/Rl = xl’ nO/Rl = P CO/Rl =7y
(@=&)R=X  (y=m)R=p, (—L)YR=1m,

it follows that
IN+mpy+nv, = —cos ¢,

and the relations satisfied at the point Q are equivalent to
Ay = M +20 cos ¢, Pa = pa+2m cos ¢, vy = v+ 2n cos ¢,

whence the above values of «,, B, y, may be written

o = U8 (R f7) 0 (R f7) e TR {20 (=g RR,
2
By = 48 (R fi7) 7 (R £ R {20 (i — )}/ RR,

2
Yo = 5 (B ) (B fi7) e {2 (=)} /BB,

The principal parts of the components of the electric force at the point (z, y, z) due
to the surface distribution are therefore given by

Xo= —u (R = fi) "R (R = f271) R e TR0 {p ) + 20l cos p+ 2nl } [RR,,

Y, = —u (R fi0) 7 (R — £y e<V=2aB) {0 4900 cos b+ 2mm} R R,

Zy = —u? (R7— fi7) B (R = fy7 ) e Vi=R=B L\ 2 i+ 2vim cos o+ 207} [RR,,
and, writing

where .
™= a1+l
the principal parts of the components of the electric force at the point (x, y, ) due to
the oscillator are
LK2VA, euc(Vt—r)/q,.’ LK2F/V eu((Vt—r)/,',.’ -"LK2 ()\2+lL2) e"K(Vt_T)/T ;

therefore the principal parts of the components of the total electric force at the point
(, y, z) are given by

X = uh euc(Vt—-r)/,r_LK} (R—-l__fl—l)—-% (R—l_f2~1)—l/2 o (Vi—Ri—R)
{v\ + 201l cos p+2nl} [RR,,

Y — LKZ[LV eLK(Vt—T)/,},.__ LK2 (R—l_fl—l)—1/2 (R__l_f2_—l)—l/2 euz(Vt—-Rl—R)
{pan + 2vym cos ¢+ 2mn} [RR,,

7 — —ud ()\2_'_#2) ecx(Vt—r)/,'..__LK2 (R——l_fl—-l)—llg (R—l_f2—-‘1)i-1{2 o * (Vi—Ry—R)
{ =N —p’+2vm cos o+ 20"} [RR,.
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AN OBSTACLE ON A TRAIN OF ELECTRIC WAVES. 309
When the point P is on the surface of the conductor,
R=0, r =R, A=A, o= M, V=1

and therefore the principal parts of the components of the electric force at a point on
the surface are given by

X = —2u<2l>(1/1 cos p+n) e*V=RR,
Y = —2u®m (v, cos p+n)e“V=RIR,

Z = —2un (v, cos p+n) e VIR,

hence the principal part of the electric force at a point on the surface is normal to the
surface, and therefore the principal part of the electric force satisfies the condition
that the electric force tangential to the surface vanishes. It follows from this that
the principal parts of the components of the magnetic and electric forces at points not
near to the boundary of the geometrical shadow are those given above.

To find the region within which the point P lies when the above values cease to
represent the principal parts of the components of the magnetic and electric forces
due to the obstacle, it is necessary to find the order of the terms neglected by taking
the limits of the integral representing the principal part of the integral

J'J e (ry+7) ds

to be infinite. In the evaluation of I this integral was replaced by an integral taken
throughout the area enclosed by the curve which is the projection on the tangent
plane at the point Q of the curve of contact of the tangent cone from the point O to
the surface of the obstacle with this surface. The actual limits of the integral

are quantities of the order xd or quantities of higher order, where d is the least
distance of the point Q from the boundary of the curve throughout whose area the
integration is taken ; hence the part of the integral neglected by taking the limits to
be infinite is at most of the order (xd?/R,+rd?/R) ™ compared with the part retained,
when the point P is inside the tangent cone from the point O to the surface of the
obstacle and on the side of the surface remote from the point O. Again, when the
point P is outside the tangent cone from the point O to the surface, the actual limits
of the corresponding integral are also quantities of the order xd or quantities of a
higher order, and therefore, since A+B and AB—H? are hoth positive, the part of
the integral neglected by taking the limits to be infinite is at most of the order
(kd’[Ry+kd’[R)™ compared with the part retained. The region within which the
point P lies when the values obtained above for the principal parts of the magnetic
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310 PROF. H. M. MACDONALD ON THE EFFECT PRODUCED BY

and electric forces cease to represent them is determined by the condition that the
-point Q related to the point P in the manner already defined is so close to the curve
of contact of the tangent cone from the point O to the surface of the obstacle with
the surface that the quantity (kd?/R,+«d?/R)™" is a quantity of the order of unity or
of a higher order.

When the point P is sufficiently distant from the surface of the tangent cone from
the point O to the surface of the obstacle, the limits of the integral may be taken to
be infinite, and the order of the difference between the components of the actual
magnetic and electric forces due to the obstacle and the components of the magnetic
and electric forces due to the assumed electric current distribution may be obtained
as follows. In the exponent of e™*"*" the terms up to and including those of the
fourth degree in € and % must be retained, and in the other factors of the integrands
the terms up to and including the terms of the second degree in £ and n must be
retained ; this requires that in the equation to the surface

(=3+AE+2HE)+BY) +...+...,

terms up to and including the terms of the fourth degree in & and y are retained, and
the resulting integrals are now of the form

[ [ (9ot 91+ Gat Kgat kga) e EEBDAE dly,

where ¢, denotes a homogeneous function of & % of degree n. The terms of odd
degree in ¢, y contribute zero te the result and the integral is equal to

J:[(go —|—g2 + K9'4) e"l/ztx (A£2+Byn%) dg d’T,.

Now, if the conducting surface were the infinite plane coinciding with the tangent
plane at the point Q to the surface of the obstacle, the corresponding integral would
be

J’j\(go + 9,2 _I,_. Kg’4) e_l/?.“‘ (A"€2+B'1m?) Clg le,”

where this integral is equal to the value of the preceding integral when the quantities
A, B, H, &ec., in the equation to the surface are made zero. TFurther, for the surface
{ = 0, the condition that the tangential electric force due to the assumed electric
current distribution vanishes at the surface is accurately satisfied, and therefore the
principal part of the electric force tangential to the surface of the obstacle at the
‘point Q is the value at Q of the principal part of an integral of the form

jj[(go +92 + Kg4) o ok (AE+Byy?) _ (go + glz + Kgl4>] o~ e (ANE B ) df d”'7>
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which vanishes when A, B, H, &c., vanish, and hence is at most of the order (xp)7%,
where p is the least radius of curvature of the surface at the point Q, it being assumed

3 4
that the values of ¢ g——g%, & 2—6%, and the similar quantities in the immediate

neighbourhood of the point Q are not of an order higher than p™. Therefore the
difference between the components of the actual magnetic and electric forces due to
the obstacle at the point P, not near to the surface of the tangent cone from the
point O to the surface of the obstacle, and the components of the magnetic and
electric forces due to the assumed electric current distribution on the surface of the
obstacle is at most of the order (kp)™", where p is the least radius of curvature of the
surface at- the point Q, which is related to the point P in the manner already
defined.*

It has been shown above that the principal parts of the components of the
magnetic force due to the assumed electric current distribution on the surface of the
obstacle are

U (R £ (R f7) 0 (gt 2 (=)} [RRRy

V
%j(R—l_fl—l)—l/ﬂ (R-—l_fz—l)—l/.l 6m(Vt—R1—R){__)\2+2n (n)\l_l’}])}/RRl,
U (R f7) 7 (R = £ R {2 (G, ) R, 3

in these expressions the quantities f,, f, are both negative, since A+B and AB—H?
are both positive, hence when the obstacle is a convex solid the principal parts of the
components of the magnetic force in the reflected waves are given at all points P not
near to the surface of the tangent cone from the point O to the surface of the
obstacle by the above expressions which are everywhere finite. The points for which
R—f,, R—f, vanish are situated on the line PQ produced and determine the
positions of virtual focal lines ; the directions of these focal lines are given by

tan @ = tan ¢ sec ¢, when R=/f,

and by
tan 0 = tan ¢ cos ¢, when R =f.

If the obstacle is not a convex solid, provided that there is no point P on its
surface such that a prolate spheroid whose foci are the points O and P can be drawn
to touch the surface of the obstacle, the same analysis applies, but, P being now a
point not on the surface of the obstacle, if the surface is concave towards O and P at

* The value of the principal parts of these differences can be obtained by placing on the surface of the
obstacle an electric current distribution of order (xp)~! which wili bzlance the unbalanced tangential
electric force of this order.
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312 PROF. H. M. MACDONALD ON THE EFFECT PRODUCED BY

the point Q (&, mo, &) determined as before, the points Py, P, on the straight line QP
for which R— f; or R— f, vanish are both external to the surface of the obstacle if

A +B cos® ¢+ cos ¢[R,

is negative, for then f; and f, are both positive. The principal parts of the magnetic
force in the reflected waves given by the above expressions tend towards infinite
values as either of the points P,, P, is approached, and the points P,, P, now
determine the positions of actual focal lines whose directions are given by

tan @ = tan s sec ¢, R = f,
tan 6 = tan ¥ cos ¢, R=Ff
The principal parts of the components of the magnetic force were evaluated above
on the assumption that R™'— 7', R7'— f,™ were both finite; if either of these
quantities is very small, some of the terms neglected in that evaluation are of the
same order as those retained, and it is necessary to calculate the principal part of the
magnetic force taking account of these terms. In the equation of the surface in the
neighbourhood of the point Q (&, no, {) the terms of the third order must be retained
and the equation to the surface with Q as origin of co-ordinates and the same axes of
reference as formerly is now

= 1 (A€ +2H&En + By®) +§ (CE2+ BLE + 3MEy’ + Dy).
‘ The value of 77 18 now given by ;
ri47r = R+ R+L (A€ 4+ 2H én+ By’) +§ (C'E°+ 8L/ ¢+ 3M/ &+ D'n®)

where

A= R, 7+R ) cos’p+2A cosp, B =(R,7"+R7")+2Bcos¢p, H' = 2H cos ¢,

(' = 2C cos p+8A sin ¢ cos p (R™'—R,71)+ 3 sin ¢ cos® ¢ (1/R*—1/R,%),

I/ = 2L cos p+2H sin ¢ cos ¢ (R'—R, 7Y,

M’ = 2M cos ¢+ Bsin ¢ cos ¢ (R™'—R, ") +sin ¢ (1/R*—1/Ry’),

D" = 2D cos ¢. ‘

At the point P, for which R = fi, these relations become
A’ = K cos® ¢ cos’ 1, B = Ksin®y, H’ = K sin s cos ¢s cos ¢, &é.,

where

S =K

and, turning the axes of € and y through the angle 6 given by tan 6 = tany sec ¢,
ry+7 1s given by

41 = B+ R4+4 (A 82+ Bm?) + 4 (Ci€°+ 8L, % + BMuén’ + D),
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where
A, = K (cos? ¢ cos® Y+sin’ ), B, =0,

D, = [2cosp(—Csin®ys+ 3Lsin*yscosd cosys+ — 3Msinyrcos®  cosy+ D cos® b cos™r)
+3 (1/R?— 1/R?)sinsin ¢ cos® ¢ | x (cos® cos® s+ sinyy) 7%,

and the principal part of the integral

[[erem as

is equal to the principal part of the integral
g+ T) j j ¢ OELET MG D) (I

that is to the integral
K'—2e—m(Rl+R)jm r} e—%AIEIQ"ﬁ Dym® d§1 d"ll»
which is equal to

—1f, (o
2Byt R) '7T1/2 <§L— A1> j e 6 Gz Do’ dnla

K -

'1 e ] DN\ — D\
e ) () T

I — ,n-]/zK"5/625/53—1/6P (_é,) 6"“‘ (B +R)+ %‘ Al"l/le"“l/s,

that is to

whence

where A, and D, have the values given above. Therefore at the point P, the
principal parts of the components of the magnetic force in the reflected waves are
given by

13/6 me
oty = =0 6D (3) T (3) A Y o g+ 20 (o —rp)JRR

K]3/6

By=——v 67T (1) ' (3) A, 7D, e VD T oog [ =Ny +2n (00—l JJRIR,

13/

Yo = — %7 6"1/61‘( YT (3) A, 7D, e VR L 605 ¢ [20 (Jpy—my) R, R.

Similarly, at the point P, for which Ik = f}, the principal parts of the components
of the magnetic force are given by

13

o= — S 67T ()T (3) By e BT 008 [y 20 (o — )RR,

I{13/6

By = — S5 67H T (BT (§) Bk, e R F cog g [—d+ 20 (mh— )RR

KIS/G

Yo = — S 67D (B) 0 (3) B G ¥ s g 2 (= )RR,

VOL. CCXII. —A. 28
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where
B, = —K (Sin2 lp cos? (}') + cos® \)l‘):

C, = [2cos ¢ (C cos® s+ 3L sin s cos® Y cos ¢+ 3M sin® s cos i cos® ¢+ D sin® s cos® ¢)
+ 5 (1/R*—1/R,?) sin ¢ cos® ¢ cos ys] [ cos® Yr+sin? ¢ cos® p] ™

From these results it follows that the intensity of the reflected waves at a point
on a caustic is of a higher order than at an ordinary point, the ratio of the two
intensities depending on M™%, where \ is the wave-length of the waves. In the above
investigation it has been assumed that, when R = f;, D, and A, are finite, and that,
when R = f;, C, and B, are finite; if, when R = /), A, is finite and D, vanishes,
terms of the fourth order must be retained and the ratio of the intensity at such a
point on a caustic to the intensity at an ordinary point depends on N~". Similarly,
if, when R =f, B, is finite and C, vanishes, the ratio of the intensity at the
corresponding point on the caustic to the intensity at an ordinary point depends
on M7 Further, at a point on the intersection of the two sheets of the caustic
A, and B, vanish simultaneously and, if C, and D, are both finite, the ratio of the
intensity at this point to the intensity at an ordinary point depends on A7, The
other cases which depend on the vanishing of more of the constants A,, B,, C,, &c.,
can be similarly treated.

At a point in the neighbourhood of the caustic either R—f, or R—f, is a small
quantity ; if R—f; is small and R—f, is not small, B, is a small quantity and the
value of I the principal part of the integral

jje'—m (ry+7) dS
is given by

3

o o
T =2 6—;:«(R,+R)j. j e~ 2—;(A1€9+Bm?)— @Dms dé‘: dn,
—0 -

that is
—]/2 ® L v
— [A -t 2 bt
I = K 27T1/2 <_2_K A1> j‘ i e 2KB1"I 3KaDm3 dne-—ue(Rl+R)’
or
-1 2\ 1,
I = 2 <L A (BTEVE W g
2K D,
where

W = j cos 3 (L—pl) d¢, and  p o= 12%BAATAD, ™%,
0
Therefore at a point in the neighbourhood of a caustic the principal parts of the
components of the magnetic force in the reflected waves are given by
@ = —21/231/3'#_1/6V_le/‘A.l_l/’Dl_lkW@m (Vt-—Rl—R)—’rf cos qs [“2_*_2% (mvl_nﬂl)]/RlR;

Bo = —21hg= WV 1% A D, W e VT 6og ¢ [—No+2n (nh— ) /R, R,
yo = — 2 UeV 1 A 7D, W e VT % cos ¢ [2n (lp,—mN) ][RR,
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where W has the value given above. When R— f; is small and R— f; is not small,
the principal parts of the components of the magnetic force in the reflected waves are
given by the corresponding expressions in which A, is replaced by B,, B, is replaced
by A,, and D, is replaced by C,. At a point in the neighbourhood of the intersection
of the two sheets of the caustic, A, and B, are both small, and the expressions for the
principal parts of the components of the magnetic force in the reflected waves will
contain the product of two integrals which are values of W corresponding to two
values of p. .

When the obstacle is of any form, if P is a point not inside the boundary of the
geometrical shadow, there may be more than one point Q on the surface of the
obstacle such that OQ+QP is stationary, or there may be points Q, Q, Qs ... Q,
such that OQ+QQ,+Q:Qx+...Q,P is stationary; in the first of these cases the
principal parts of the components of the magnetic force in the reflected waves is the
same for all the different points Q; in the second case the principal parts of the
magnetic force in the reflected waves at P is obtained by placing an electric current
distribution on the surface in the neighbourhood of Q double that due to the
tangential electric force from O, an electric current distribution in the neighbourhood
of Q, double that due to the tangential electric force arising from the current
distribution in the neighbourhood of Q and so on.

The magnetic and electric forces due to the assumed distribution over the surface
of the obstacle have still to be obtained at points which are near to the boundary of
the geometrical shadow. Taking first the case where the point P is inside the
tangent cone from the point O to the surface of the obstacle, and on the side of the
obstacle remote from the point O, the principal parts of «, B, y, where

o =

K §~[y-nl§+mn+nl+ n(zn—yé')] P ennon

27V 7 7y ry oror,  rr ’

B = K J~ [x—flf+mn+ng+n(z§—w§)] 02 ew(Vt-n-n) s

o2rV r ” rr oror,  rn ’

_ K ‘,n (wn_yg) 82 euc(Vt-—-rl--r)
YT onv j J r oror, a8

2

have to be calculated when the limits can no longer be taken infinite for the purpose.
As before, the principal parts of «, B, y are given by

_ K y=my K x=§ -
a°—21rV i I, ,30— m‘—]}“‘-[, ')’0"‘09

where I is the principal part of the integral

L+ o+ gy e
[ f R I

28 2
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Now

”lfo+mRno+nCo e“%‘l—g” JS = — ”e”‘;;“f’;") do,

where do is the projection of the element of area dS on a plane perpendicular to the
straight line OP ; to evaluate this integral let the axes of reference be OP the axis
of z, the perpendicular to OP in the plane of incidence the axis of «, and the straight
line perpendicular to these two the axis of y. Let & %, { now denote the co-ordinates
of a point on the surface, and &, 0,, {; the co-ordinates of the point of contact R of
the tangent from O to the surface in the plane of incidence ; the co-ordinates of the
point P are 0, 0, R,+R, then

y j. e~ do = FT e~ g€ dy,

that is, the principal part of this integral is given by

r: J: gt ([ d,’_L [ewm ) A .

It has already been proved that

T e ue () — we (1 1>-]“1 -Lx(lcﬁu)‘.
LJ . dé ”[ <R+R ¢ ’

to obtain the value of the second integral
r?=E+n’+ = E+qp’+ R+ R-L),

and observing that &, ¢ correspond to the lower limit of the integral
= €1+ (62""772) + &C

7=Ri+R=b+ s m (&5 +7) + e,
therefore
w1 1 240
j' je“”‘"‘“‘") do = e—*®+R) f ye - '2‘(;‘,‘* m:‘gj) () dédn ;
& &

hence, unless the radius of curvature of the projection of the curve of contact of the
tangent cone with the surface on the plane perpendicular to OP is a small quantity
of the order of &, the principal part of the above integral is given by

® » v 1 22
K~ 2e— (Rt R) [ { e (gl By m«g,) @tv )olu dv,
k) V-

that is, the principal part of ‘
‘1 j'e—-m(rl_;.r) CZO"
JE

s1
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is given by
=1 =10y ,— 1tk R R ” —1/pmau?
w2 e (R”’R)-—————-Rlil_R Loe fama g,
where /
k /1 1 }12
B (S U
’ {77 \C1 R1+R_C1> {31
Therefore

i 27 :R: R —1/, 1 *
I = 27 1 o (Vi-Ri—R) {1 -9 1/2'/2}‘ g~ Yama du}
LK Bq +R ‘ g ’

whence, writing
me ®
-1, T —1 2du
2 /264 4{ e Jomue? du — L’

1

it follows that the principal parts of the components of the magnetic force due to the
assumed surface distribution are given by

_ LKZ el.K(Vt"Rl—R) y"ﬂo _
“= ¥ RR ® LD
_ yfz e I 3
:30 - V" R’l"l'R R (1 L):

v = 0.

Now, &/, B, 7/, the principal parts of the components of the magnetic force due to
the oscillator at the point O are given by

' — — _.__ﬂ(iy__ w(Vi—-Ri—R) — __ £K_2_y_:27_0 w (Vi—R,~R)
o V(R1+R)26 VR ¢ /(R,+R),
’ K e (ViRy—R) _ 9_{2 90_“@ w (Vi—R,~R)
A= ymamp® VR ¢ /Bt R),
v =0,
tor
RszxI{go BaR™ R
1+ b 1+ b
theretore

oy = —a’ (1-L), By = =B (1-L), Yo = 0,

aud the principal parts of the components of' the magnetic force at the point P due to
the oscillator and the assumed surface distribution are given by

o = La/, B =LA, y =0,

IRV Ve Ry
L= 2""¢"% j e~ da,

u,

where
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and /
2/ 1 1 o
Uy = l:x <—O‘—M + I)—lv[">] _B;M,

where \ is the wave-length of the oscillations and M is the foot of the perpendicular
from R on OP.

When the point P is outside the tangent cone from O to the surface and near to
the tangent cone and at a distance from O greater than OR it appears that the focal
lines as determined above are situated one of them close to the surface of the
obstacle and the other near to the source, hence the same analysis applies as in the
immediately preceding case, and the components of the magnetic force at P due to
the assumed surface distribution are given by

0y = “La,’ BO = —-LIB,’ Yo = O,.

L= [ feretrdo [[[eewn da,

and in the integral in the denominator the limits are indefinitely extended, while in
the integral in the numerator the upper limit is —¢& where & denotes the perpen-
dicular from R on OP. Evaluating the above, the value of L is given by

where

—_— o)
I =9 el/q,ﬂ'l.j' Oe_l/zmuﬂ du = 9" 81/41“‘( g amst du,

—® %,

T2/ 11\
“0—[x<6ﬂ+m>] RM,

and therefore the principal parts of the components of the magnetic force at the
point P outside the tangent cone and near to it are given by

= (1—L) o, B=(1-L)B, y=0,

where L has the value given above.

Considering now a point P on the surface of the obstacle near to the curve ot
contact of the tangent cone and on the side of the surface remote from O it appears
that the principal parts of the components of the magnetic force due to the oscillator
and the assumed surface distribution are La/, LB, 0, and there will be a corresponding
tangential electric force involving the factor L, therefore the surface condition is not
satisfied at such points ; the same result holds for points near the curve of contact on
the side of the surface next O. It is therefore now necessary to determine what the
effect of the electric current distribution on the surface which would reduce this
unbalanced electric force to zero is. Taking first the case of a point P inside the
tangent cone on the side of the surface of the obstacle remote from O and near to
the boundary of the cone, with the same notation as above, the components of

where
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the magnetic force at P due to the electric current distribution necessary to balance
the unbalanced tangential electric force in the neighbourhood of the curve of contact
of the tangent cone are, compared with the components of the magnetic force at P
due to the oscillator, of the order

= _K —w @R T, ]
27 R j ,( ¢ Ldo,
where L varies from point to point of the surface.*

The integration with respect to » can be effected and it follows that

wk [\ y j& —wf2/2R
= 2| e PR L dE.
2rR (23) e o

Let & denote the perpendicular from R on OP, € the perpendlcular from a point P,
on the surface on OP, then

@

L=2" e’/“"j ey,

%y

where

o ) - AEEET:

AP, X (2p)™

in which p denotes the radius of curvature of the normal section of the surface
through OR, hence

o«
L=2"% e‘/f"‘w*‘/*:c"*p“"(&-—f)s"j o=@ g
1

Therefore K is at most of the order

\, o 2 - .
if '
[ e kv ]/2
2R ' 16 (2p&)%] *!
is of the same or higher order than unity, that is, provided R is of the same or higher
order than (p&)"”, if k& is of the same or higher order than (p£&,)*, that is, if & is of
the same or higher order than p(xp)™* Hence, when R is of the same or higher

order than (pé)”, and & is of the same or higher order than p («p)~", the quantity K
is at most of the order

o
1
which is at most of the order k"¢ "p", for k&" is of the same or higher order than

* To simplify the analysis R, is taken infinite as the result is not affected provided the oscillator is at a
distance from the surface of the obstacle comparable with a wave-length.
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320 PROF. H. M. MACDONALD ON THE EFFECT PRODUCED BY

p’; therefore, when R is of the same or higher order than (p&)", and & is of higher
order than p (kp)™™, K is of lower order than unity. “When R is of higher order than
(p&)"”, and & is of the same or higher order than p (kp)™, the quantity K is at most
of the order
g R r et e
1

which is at most of the order (p&)*R™", and therefore, when R is of higher order
than (p&)”, and & is of the same or higher order than p (kp)™, K is of lower order
than unity. Hence, at a point P inside the tangent cone from O to the surface of
the obstacle, the effect of the electric current distribution which balances the
unbalanced tangential electric force due to the oscillator and the assumed surface
distribution, and is on the part of the surface inside the tangent cone and remote
from O, is of lower order than that due to the oscillator, provided that the
perpendicular distance & of the point of contact R of the tangent from O to the
surface in the plane of incidence is of the same or higher order than p(kp)™™, and
that the distance of the point P from the surface of the obstacle measured along OP
is of higher order than p (kp)™", or provided that & is of higher order than p (xp)™,
and the distance of P from the surface is of the same order as p (kp)™. In a similar
way it may be shown that the effect of the electric current distribution on the part of
the surface of the obstacle next the oscillator which balances the unbalanced tangential
electric force there, due to the oscillator and the assumed surface distribution, is of
lower order than that due to the oscillator at a point P satisfying similar conditions
to those in the previous case. Therefore, at a point P inside the tangent cone from
O which satisfies the above conditions the principal parts of the components of the
magnetic and electric forces are equal to the principal parts of the components of the
magnetic and electric forces due to the oscillator and the assumed electric current
surface distribution. The same result holds for points P outside the tangent cone
similarly restricted ; the region omitted in the neighbourhood of the tangent cone is
that lying between the cone through O which cuts the surface of the obstacle in a
curve inside the tangent cone on the side of the surface next O and at a distance
from the curve of contact of the tangent cone of the order p(kp)™" and a surface
touching the obstacle along this surface and generated by straight lines in the plane
of incidence at each point of the curve.

The principal parts of the magnetic and electric forces at points on the surface of
the obstacle which are at a distance from the curve of contact of the tangent cone of
order greater than p(xp)™" can now be found. Let P be a point on the surface
inside the tangent cone and on the side of the surface remote from O, and let OP cut
the surface between O and P in the point Q, then PQ is of higher order than
p(kp)™ if P is at a distance along the surface from the curve of contact of the
tangent cone which is of higher order than p (kp)™, and therefore the effects at P of
the surface distribution on the part of the surface inside the tangent cone and nearest
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to O which balances the unbalanced tangential electric force there, due to the
oscillator and the assumed surface distribution, is of lower order than that due to the
oscillator. Further, if M is the actual magnetic force at P tangential to the surface,
the magnetic force at P due to the distribution in the neighbourhood of P is {M
tangential to the surface ; now it has been shown that the magnetic force tangential
to the surface at P, due to the oscillator and the assumed surface distribution, is LM’
where M’ is the tangential magnetic force due to the oscillator alone and L has the
value previously determined, therefore

M =iM+LM, thatis, M =2LM.

Hence, at points P inside the tangent cone on the side of the surface remote from
O, the principal part of the magnetic force tangential to the surface is 2LM’, and the
principal part of the electric force perpendicular to the surface is 2LE’, where M’, E/
are the principal parts of the magnetic force tangential to the surface and of the
electric force perpendicular to the surface due to the oscillator. Similarly at points
on the surface on the side nearest to the oscillator the principal part of the tangential
magnetic force is 2(1—1L) M, and the principal part of the electric force perpendicular
to the surface is 2(1—L)E".

The preceding analysis can be adapted to the case of a conducting screen when the
radii of curvature of the screen are large compared with the wave-length of the
oscillations. The same assumed distribution as above on the two surfaces of the
screen, viz., double the electric current distribution that would produce the magnetic
force tangential to the screen on the side on which the waves are incident and a zero
electric current distribution on the other side, give the important part of the
asymptotic solution of the problem. The analysis only differs from the preceding
owing to the presence of edges, and it will be proved that the effect of the actual
distribution at the edge differs from that due to the oscillator and the assumed
distribution by a quantity of lower order than the corresponding component in the
waves due to the oscillator. At an edge the radius of curvature is zero, and therefore
the distribution in the neighbourhood of the edge is the same as if’ the wave-length
were indefinitely great; hence the electric current distribution in the immediate
neighbourhood if the edge varies as 7", where 7, is the distance along the screen
perpendicular to the edge, that is, the electric current distribution in the neighbour-
hood of the edge is (xr;)™" multiplied by a quantity of the order of the magnetic
force in the incident waves. The effect of this distribution in the neighbourhood of

the edge is of the order
K=« || as
“ 7 (kry )"
at a point P compared with the corresponding component in the waves due to the

oscillator. Let Q be the point on the edge such that QP is at right angles to the
VOL. COXIL—A. 2T :
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edge, and let QP make an angle 6 with the line QR through Q in the screen
perpendicular to the edge, then

1/ -
tk\" e
KI =K ‘. <——",> __—T—/; CZ?"I,
JA\2r) (k)"

where  now denotes the distance of P from a point in the line QR ; for points near

to Q
7? = R*+7*—27R cos 6,

where R is the distance QP, and therefore the principal part of K’ is

L —1y e—mR o 6;:(1'1(:053 d,r.
3) RE),

that 1s, K’ is a quantity of the order (xR)"; hence at points which are at a distance
from the nearest edge great compared to a wave-length the effect of the edges is
negligible in comparison with the waves due to the oscillator. Therefore the principal
parts of the components of the electric and magnetic forces at such points are equal
to the principal parts of the electric and magnetic forces due to the assumed electric
current distribution and the oscillator.

It may be verified that this agrees with the known solution of the problem of the
semi-infinite conducting plane. Taking the case where the electric force in the
incident waves 1s parallel to the edge, let the origin be in the edge, the axis of 2
along the edge, the axis of y perpendicular to the plane of the edge, and let the
direction of the incident waves make an angle 9, with the conducting plane, then
the components of the electric force in the incident waves are

X — Y =0 Z — cLK(Vt+ICOS-91+ySi1131)
s =

and the components of ‘the assumed electric current distribution on the upper face of
the plane are
; — 0’ 18 — O, 5; — 2V~1 6:»:(Vt+£cos.'h),

and on the lower face

a =0, B =0, y = 0.
Hence the components of the electric force due to the assumed distribution are
X=0,  Y=0,  Z=—@n) wsing, [ [ e,
where (3, 0, #) is any point on the screen, » is the distance of the point P (x, y, 0)
from the point on the screen, and the integration is taken over the conducting plane.

Now
P (w_w])2+yz+zlz — p2+z12,
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where
p* = (z—a, )+,
therefore

el

. 4 . ‘ / —
Z = —(2m) ' sin $, j j e (Verneosi=p=1o2%p=) o= e, dlz,,
— .

0

whence the principal part of Z is given by the principal part of Z,, where
Zy = —(2m) ue sin 9, (sf2p) e ex D
now x; cos $,—p is stationary when
x = 2,—p cos Iy, y = *tpsin Y,

~the upper sign correspouds to the case where P is on the positive side of the screen
and the lower sign to the case where P is on the negative side of the screen. When
P is on the negative side of the screen, let the line through P parallel to the
direction of the waves cut the screen or the plane of the screen produced at the point
Q (&, 0, 0), then, writing =, = £+ £ and R for the distance QP,

p’ = R*+2£R cos 9+ €2,
xy cos —p = & cos §,—R—1&%sin® 9,/R,

and the principal part of Z, is given by

o

__(27,.)*1 (QLK)‘/QR-‘/;» sin 9, ex(Vi-R+h cossq)j o~ arx?sin? $,/R dé,
. —4
that is, by

Ed o B
_2-1/2 e‘/,,m em(Vt+rcossl+ysin.91) j e—‘/gmu‘-‘ du’
—

where
uy = 2 (ANR)™" & sin 9,,

and therefore the electric force at a point on the negative side of the screen is
given by

- U,
Z —_ 2-—1/2 81/"“ em(Vt-f—mcos 9, +ysin ul)j. 06—-1/2mu9 du

-

When the point P is on the positive side of the screen, the principal part of the
electric force due to the assumed distribution is found in the same way to be

___2—1/2 81/“" eLK(Vt+ICOS $,—ysin 9;) J-m e——l/zmu2 d’M,
where the point Q (&, 0) is the point where the line through P in the plane perpen-
dicular to the edge making an angle w—9,, with the plane of the screen meets it and
therefore the electric force at a point P on the positive side of the screen is given by

- «©
— p(Vi+rcos $,4+ysin ) =Ya plsm Hue(Vitz cos $;—ysin 9)) —1omu?
=e —27hehme . e du.
—1y

2!17'2
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When the point P is at a distance from the edge of the screen great compared with
a wave-length these expressions are sensibly the same as those of the known accurate
solution, as 1, is very large unless the line OP makes an angle which is very small
with the line through O making an angle =+9, with the plane of the screen, or with
the line through O making an angle w—9, with the plane of the screen, and in these
cases the results are the same.

When the magnetic force in the incident waves is parallel to the edge of the

conducting screen
o = O, B — O, ,y — 8m(Vt+zeos&1+ysin3,)

in the incident waves, and the assumed electric current distribution on the positive
side of the screen is given by

» a — 2em(Vt+xcoss,), :8 — 0, ; —_ O,

and on the negative side of the screen by

&=03 B=O’ '}/20,

whence the components of the magnetic force due to the assumed surface distribution
at a point P (x, y, z) are

1 joojoo a ém(Vt+zlcos,91—-r)

a =0, B =0, Y= - i avy ” dxy, dz,

27 Jo

and, by a similar analysis to that in the preceding case, when the point P is on the
negative side of the screen

€®

i ~1 1/ —1, 2
__em(Vt+:tcos3l+g/sm.9]) 2 o e ,,mj‘ e gt du,

—

’y =
where
uy = 2" (ANR)™" & sin 9,,

& having the same meaning as above, and therefore the resultant magnetic force on
the negative side of the screen is given by

-,

6LK(Vt+IGOS 91+y sin $;) 2—1/2 61/41” j ’ e—-l/gmrﬂ du_.
-
When the point P is on the positive side of the screen the magnetic force is
given by

@
e (Vé+acos $)+ysin 9)) +e we(Vit-zeos 9;—y sin ) 2»—1,/2 61/_,1” J e-—-l/g mul du,
— 1y

these results again agreeing with the known accurate solution when the point P is at
a distance from the edge great compared with a wave-length. Again, when the
conducting screen is an infinite plane with a slit in it of breadth 2d bounded by
parallel edges, taking the origin in the middle line of the slit, this line being the axis
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of 2, and the straight line in the plane of the screen perpendicular to it the axis of «,
the same analysis shows that, when the electric force in the incident waves is parallel
to the edges of the slit and is given by

Z —_ eu:(Vt+xcos.‘)l+ysin $)

the electric force at a point P on the negative side of the screen is given by

—u
Z — em(Vt-i-zcos S +ysin $,) 2—1/2 81/, mj le—lﬁz mou? d’Lt,

-1y

1y = 2% (NR)™: (&,+) sin 9,
u, = 2% (\R)™% (&—d) sin 9,

where

and (§,, 0) are the co-ordinates of the point Q where the straight line through P
parallel to the direction of the incident waves cuts the plane of the screen. The
electric force at a point P on the positive side of the screen is given by

le—l/z mu? du’

Z — 6.K(Vt+xcoss,+_1/sin,.‘)])_enx(Vt+rccos.‘)1—1/sin ,.‘)l)_l_em(Vt+:L'cos 9~y sin 3,)2-1/2 61/‘ mj
—t,

where 1,, u, are the same as above and §, 0 are the co-ordinates of the point where
the straight line through P in a plane perpendicular to the edges making an angle
m—9, with the plane of the screen cuts the screen.

When the magnetic force in the incident waves is parallel to the edges and is
given by

we (Vi+zcos $+ysin )
’

y=¢
the magnetic force at a point P on the negative side of the screen is given by

13
! 8—1/? mu? du,

—u,

y = em(Vt+xcossl+ysin.‘},)2—-1/.2 d/gr;j

and at a point P on the positive side of the screen by

y = eLK(Vt+ZCOS»91+_1/sin81)+64.::(Vt+xcos $,—y sin 3])_6LK(Vt+IeosS|~—_1/sin ) 2—'/281/,, mJUq(l 8-1/2 mou? d,u,
where uy, 4, in each case have the same meanings as in the corresponding case in the
_preceding. The discussion of these results is similar to that given by GILBERT* for
an absorbing screen. '

The corresponding results for a plane conducting screen in which there is any
number of parallel slits can be written down immediately, provided the breadth of
the portion of the screen between every two consecutive slits is great compared with
a wave-length ; when the number of conducting strips in the breadth of a wave-length
is large the effect of the edges becomes the most important.

¥ “Memoires couronnés de I’Acad. de Bruxelles,’ t. xxxi., p. 29, 1863.
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As a further example, the case of an infinite plane conducting screen with a circular
aperture of radius @ will be worked out. As above, let a straight line through the
centre of the aperture perpendicular to the plane of the screen be the axis of y, the
axes of # and z being in the plane of the screen, and let the incident waves be
given by

o =0, B =0, y = ex T,
the magnetic force being parallel to the plane of the screen and the direction of the
waves perpendicular to it; then the components of the magnetic force due to the
distribution to be assumed over the screen are

—_ — _1_ «Vi JJ__a__ e—ucr —_— __:_l__ w Vit J:[ i _(?_‘KT
% =0, By = on’ oz 7 a8, Vo= g dy 3,

where 7 is the distance of the point from a point in the plane of the screen and the
integrals are taken over the conducting part of it. Transforming to cylindrical
co-ordinates

7 = '+ p'+py’—2pps cos (hi— ),

where the co-ordinates of the point P are (p, ¢, ) and of a point in the plane
(p1s ¢1, 0). The principal parts of the integrals are contributed by the elements in
the neighbourhood of the point for which 7 is stationary, that is, when

‘]51:(]5, PL= P,

and then, provided p is not small,

@

— KT P w2 -kl ~1,
jje dS — J j € p1 dpl Cld)l — 7_‘_1/2 <_L_§B> J 6-—-Lxrllr_l—-l/2pll/‘.’ dPh

r o 7 a

where 7* = y*+ (pi+p)>
For a point on the negative side of the screen y = —d, and writing p, = p+p’, the

principal part of the integral ” e r 1 dS is given by

(2 (sp) [ et ()

a—p

that is, provided «p® is great compared with d, by

®»
2 (LK)"Z"‘/”e‘/*"‘e“‘yj e dy,

,

where %, = 2"»(\d) ™" (a—p).
Hence, at a point P on the negative side of screen, the principal parts of the
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AN OBSTACLE ON A TRAIN OF ELECTRIC WAVES. 327
components of the magnetic force due to the assumed distribution are
&y = 0;

- e
—lo=1/ 1 Vit 0 1 2 7
BO — (LK) 9= gllsm g (VE+y) é_z_j @~ amus du’
N

@

Yo = — 2 Ve V) j e~ iy,
and therefore the principal parts of the components of the magnetic force at the point
P are |

% )
o =0, B =0, y = 2"/261/‘*"*6“‘("‘”)j e~ du,
—m

for B, is of order (xd)™” compared with the magnetic force in the incident waves.
When p is small compared with a,

w (2w . o (2T _
[ j 6“”"")"_1p1 dpl d¢1 - Cl“l j j 6—”‘([""”‘991(1 Leos (¢ — ) — Yz erp/d Pl Clpl d¢l,
0

a a JO

that is, the principal part only being retained,
j jew-—l d8 = 2md e | o0, (ppyfd) pr dlpy,

or

jj e dS = 2m ()™ 6L“y—21rci"le"‘”j e~ el S (kppsd) pr dpy.

0
“Therefore, when p is small, the principal parts of the components of the magnetic

force at a point near the axis of y on the negative side of the screen are given by

o =0,

B= KZP“‘fl"ze"‘”*"”f e w0y (kppifdd) pi* dpy,
0

a

y = LKcl"le”‘(V”y)j' e~ (kppi[d) py dpy.

0

As an example illustrating the phenomenon of the bright spot, the case of a
conducting circular dise of radius @ with a Hertzian oscillator on the axis will be
treated. Let the axis of the disc be the axis of z, the origin being at the oscillator
and the equation of the plane of the disc z = z,; the components of the magnetic
force due to the oscillator are

oK d em(Vt—r,z g - kO ew(Vt=r) ,

“TveE o, Y0

TV o
where £, 3, { are the co-ordinates of any point and

n =40+,
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and the components of the electric current distribution to be assumed on the lower
side of the disc are
_ 2K b euc(Vt ) _ O O ewVi-r) -
w— —, P —_—, = O,
*TTVE B=-55"" 4
where ¢, 7, %z, are now the co-ordinates of a point on the disc. Therefore the
components of the magnetic force at a point «x, ¥, z due to this distribution are

wm 5 [[212 1 g

27V 1) 0z r 06 m,
_ __k _8__1 _8 }_ w(VE=r—1) JQ
A= 27rV”8z'r 717'16 3,
y =0,
where
= (z—=&) + (y—n)" + (z—2)%
writing

x = p cos ¢, Yy = psin ¢, &= p, cos ¢y, n = p;sin ¢,

the resultant magnetic force due to the distribution is

2 ja a 2
Boos p—arsin = U © [ [0 sin (-t ) Lo e dpy di

where
7 = (2=2) +p +pi—2ppicos (hi—), ' =zl+pl

Now 7+ is stationary when

b=¢,  (p—p)fr = pfr,

and, writing R, R, for the corresponding values of », », and sin $ = p,/ry, the principal
value of the magnetic force is given by

2 —1/ -
LK <‘1'f> ‘ﬂ_!/2 sin 2(1) ﬁ e (Vi=R—R) j - /, /Zh 2R~z = aue cos®d (Ry I+ R 2 CZ,O'-
27V\2/ . 0z —p

When a—p, is not small, the principal value of the above expression is

w(Vi—R;—-R)
% %%{T sin 2¢ tan ’9',
+ R
that is, when the point x, ¥, 2 is on the upper side of the disc

gw (V-1 ~R)

—-—V— smS Sin 2¢p RIT

—

which is the value, with the opposite sign, of the resultant magnetic force due to the
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~ AN OBSTACLE ON A TRAIN OF ELECTRIC WAVES. 329

oscillator, and therefore at these points the principal part of the magnetic force
vanishes. When a—p, is small, the principal value of the magnetic force due to the
assumed distribution is

d gw(Vi—Ri—R)

K
— 92 e’/ﬂ"‘ [
az R1+R

_T2/1  1\]*
Uy = [X <E—1 + —R>] (¢—py) cos 9,

p1 being the distance from the axis of the point where the line OP cuts the plane of
the disc; whence, if the point P («, , ) is on the upper side of the disc, the above
has the value

. 1
sin 2¢ tan 9 j e~ gy,

-

where

Pou(Vi-Ri-R) o Lo
-——V- sin 9 sin 2¢ R 9= gllam J e~ gy
—®

and therefore the resultant magnetic force at the point P is

uc(vt R;—R)

»
~ SlIl 9 Sln 2¢ Pe— Yy 61/47“ j 6,—‘/515';10‘3 du‘
V R,+R “

In the immediately preceding investigation it has been assumed that p is not
small ; when p is small and z > z,

= 2=z +5prf(2—2)—{ppi cos (hi— )} /(z—2)...,
r = Zo+%P12/Zo,

and
B cos p—a sin ¢
= 2 r J% SIn (by + ) pyry 2~ @l V=2 lopros (b= =20 = ap? | 1/ (=)} dp, de
27V oz Jo Jo P
that is
B cos p—oa sin ¢
2
2;:V Eij 2y sin 2ep e (Vims= kel =T} 0,2 (5 g0) 71z 74, {kppif(2—20)} dpy,
or
Beosp—asing = = e*“VIgin 2. 2,7 (z—2,) L e ettt G=21 J, Leppi [(z—20) } pr? dpy.

This quantity tends to zero with p, but increases rapidly as p increases from zero,
thus the resultant magnetic and electric forces at a point on the axis have the same
principal values as if there were no disc, and diminish rapidly in the neighbourhood of
the axis. Similar results hold for any surface of revolution or for 'a cylindrical
obstacle with a line source parallel to its axis.

VOL. OCXIL.—A. 2 U
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A4 Perfectly Absorbing Obstacle.

When the obstacle is perfectly absorbing, the conditions to be satisfied at its surface
are that the electric and magnetic forces in the incident waves are annihilated there.
This requires an electric current distribution on the surface which will produce the
magnetic force tangential to the surface of the obstacle in the incident waves and a
magnetic current distribution on the surface which will produce the electric force
tangential to the surface of the obstacle in the incident waves. Asin the former case,
it is sufficient to discuss the case of a Hertzian oscillator at a point outside the
obstacle. Taking the origin of co-ordinates at the oscillator and the axis of 2
coincident with the axis of the oscillator, the components of the electric and magnetic
forces at a point &, 9, { due to the oscillator are given by

[ 82 w(Vi—r) . 82 ke (Vi—1y) (A (az 82 w (Vi—7r)) .
X _—-L————afaze /’)"l’ Y’ = ——L—-—anace /1"1, 7 = \———8524’8——7’12 e /7‘15
d .
o = K 3877 em(Vt——T))//rh g = — K 5 e = y =0,

where
rt = E4a

and therefore the components of the electric current and magnetic current distri-
butions to be assumed on the portion of the surface of the obstacle on which waves
are incident are given by

(ny=nf),  (ma'=ly),  (B—ma);
(mZ’—nY’), (HX’——ZZ/), (lY’_mX/) .

where [, m, n are the direction cosines of the normal to the surface, these are
equivalent to

—ucnge V=[PV, — e VPV u® (lE+mn) eV [r2V
—u® {m (E24+ ) +nml} e T, e {nlE+L(E2+7)} eV r?,
e (lnI—MCf) 6LK(\ft—r,)/7.12,
where only the principal parts have been retained ; writing

fl/”'l = Ay, 7]1/7'1 = C/Tl =,
these become

— N\, e <V'f-"'>/o~1V, —_ ucz'n,u,l e““’t-'"ﬂ/er, e’ (l}\l + m,ul) e“(w“"‘), 71,

—u fm (N ?) F g} e O (iR L ()} e,

L K2 (l/.Ll —_ m)\l) 41 e (VL_T])/"H.
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The components of the electric force at the point z, %, z due to this distribution are

__V 0° 0? @ 1 22_ W (Vier ) S
X= 4k H [W nh+ ox oy T S e (Pt mpa) V2 ot? m‘l] rrV ¢ ‘

0 & o
B ——]:_ jj [_’ —a— 41 (llu'l_"l')?/)\l)‘l' 5; {7')/V1)\1+l(>\12+l1,12)}] ;___r_l ew (Vi )dS,

4 oy
_ V az a2 82 _ _1— _@_2_ ] £K2 we(Vi—r,—7) dS
Y= 4w ” [am oy i+ 3 "M ay e (at-mpa) Ve v e
1 d ? w(Vi—r;—7
| [a% [ Ot ) F g} + 2, (z,h_mxl)] o pecsionn g,
_ A% 0? of | 02 1 Qﬁ U Vi) dl
Z= - | o gy 0z "t g ()4 g (hrmp) | e S
s [
~ [~ tn (x12+p,f)}—§—/ {1 (0 ) g} | £ e a8
retaining only the principal parts and writing
(@=Efr =% (y=n)fr=ps  (z=0fr=m,
these are equivalent to
K3
X = - U [—=va (M +N) (I +mpy +nay) 1y (MDA + papts +v1va) —ndy
w(Vi—r,—7)
+ (lp=mNy) (par—pavs) ] & d8,
Ty
K3
Y = . ” [—va (1 3 pra) (O +19n) +0py (NN + g +v1v2) — sy
w(Vi—r;—7)
+ (I —mA,) (oM —7\s) ] ”_T ds,
1

3
Z = ig; IJ’ [{A2 ()\1 + )\2) "I‘,Lz (IL] +I.L2)} (l)\l +mll»1 +n1/1) ‘|‘ ')’LV2 ()\1)\3-}-[1.1[1,9-!-1/11!2)—%1/1
e (Vi=r—r)

+ (=) (apia = paha) | S———

1
The principal parts of these integrals are contributed by the elements in the
neighbourhood of' the points for which r,+7 is stationary, and, as in the case of the
conducting obstacle, there are the two cases when the point Q, for which »+7 is
stationary, is on the straight line OP and when the lines OQ, QP make equal angles
with the normal to the surface at Q. In the first case, the point P is on the side of

the obstacle remote from the oscillator and at the point Q -

A = 7\1, P2 = Ha, Vy = Vy
2 U0 2
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and the principal parts of the components of the electric force due to the distribution
are

o Y ” ; o (Vi=r,=1)
= - 11 )y A
X ’ o (Z 1+m[.(.1+n1/1) prey OZS,

_ K3V1’L1 jj‘ em(Vt—ﬁ—?‘)
Y = "é‘q—T——' (l)\1+‘m‘u1+7w]) T dS,

1

3 2 2 w (Vi—21,=7)
Z = 5—&127:;&’1—) Jj (l)\l'}'mﬂl'l"nlll) g"‘—,r‘;n—“ dS,
1
that is
X = K3V1)\1 H e (Vi=r=1) -
2R, R T

3
Y = K jj w(Vi=r=1)
27TR1R ¢ 7

g e
where OP = R,, QP = R, and do is the projection of an element of the surface on a
plane perpendicular to OP.

The integral involved in these expressions has been already evaluated and gives
when the point Q is not near to the curve of contact of the tangent cone from O to
the surface of the obstacle

X = —uy\y e« VDR, +R),
Y = —unp e VERERR, +R),

7= ul ()\12_'_”]2) ew(Vt——Rl—R)/(Rl_l_R) : .

that is
X ==X, Y=-Y, Z= -7,

and therefore at points inside the boundary of the geometrical shadow and not close
to it the principal part of the electric force vanishes and consequently the principal
part of the magnetic force vanishes. In the second case when 0Q, QP made equal
angles with the normal at Q the coefficients

— vy (A Ag) (DN +mpg +127) + g (Mo + papa+ vwg) =1y + (L —mN,) (proy — pave),
—Vs (Fvl + F»z) (l)\l + mpa + 7“’1) + Mg (}\1)\2 + papret V1V2) — N+ (lﬂ»l -m}\l) (Vz)H - Vl)\2))
s (M Ne) + pro (o o) b (DA +mpas -+ 1) +0vy (Mado+ papta+ Vivs) —

+ (Z,Uq - m)\1) ()\2M1 - )\1M2); '

vanish at Q and therefore the principal parts of X, Y, Z vanish at P, provided the
point @ is not near to the curve of contact of the tangent cone. These results might
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have been obtained by observing that when the limits of the integral can be taken
infinite the effect is the same as if the surface on which this distribution of electric
and magnetic currents is placed surrounded the source and therefore at a point inside
this surface the effect of the distribution is zero and at a point outside it equal and
opposite to that of the source. ‘

When the point P is inside the boundary of the geometrical shadow and so near to
it that the limits of integration cannot be taken to be infinite the values of X, Y, Z
as in the case of the conducting surface are given by

X=-(1-L)X, Y=-(1-L)Y, Z=-(1-1)Z,

where

o
L= 2“’?6”*"‘j e~ dy,

%

and /
2/ 1 1\ %par
thy = Hm*m)} RM,

where the letters have the same signification as in the case of the conducting surface.
Hence, at points inside the boundary of the geometrical shadow, the components of
the electric force are

LX’, LY, LZ,

where X', Y’, Z' are the components of the electric force at the point due to the
oscillator when there is no obstacle, and the components of the magnetic force are

Lo/, LB, Ly,

where o/, 8/, ¥ are the components of the magnetic force due to the oscillator. In
this case these values of the components of the magnetic and electric forces are valid
up to the boundary of the obstacle, therefore the principal parts of the components of
the magnetic and electric forces at a point P inside the boundary of the geometrical
shadow are the same whether the obstacle is perfectly conducting or perfectly
absorbing, provided the point P is at a distance from the surface of the obstacle
measured along OP of a higher order than p (kp)™", where p is the radius of curvature
of the section of the surface through the tangent in the plane of incidence, and the
value of the principal part of the magnetic force tangential to the surface of the
obstacle at a point on it inside the boundary of the geometrical shadow when the
obstacle is perfectly conducting is double the value it has when the obstacle is
perfectly absorbing ; the value of the principal part of the component of the electric
force normal to the surface of the obstacle at a point inside the boundary of the
geometrical shadow when the obstacle is perfectly conducting is also double the value
it has when the obstacle is perfectly absorbing. : ‘ ’

When the point P is near to the boundary of the geometrical shadow and outside
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it the principal parts of the components of the electric and magnetic forces at the
point P are

LX, LY, LZ, L&, LB, Ly,

where

@

—uy

and u, has the same meaning as above.

An Imperfectly Conducting Obstacle.

When the obstacle is an imperfectly conducting body the conditions to be satisfied
at the surface of the obstacle are that the components of the electric and magnetic
forces tangential to the surface are continuous. The electric and magnetic current
distributions to be placed on the surface to effect this can be obtained from the
following considerations. At a point on the surface of the obstacle not near to the
point where the axis of the oscillator meets it the incident waves may be treated as it
they were plane waves; let M, and M, be the components of the magnetic force in
the incident waves tangential to the surface, M, being in the plane of incidence and
M, perpendicular to it, and let K, and E, be the components of the electric force in
the incident waves tangential to the surface, E, being in the plane of incidence and
E, perpendicular to it, then, if ¢ is the acute angle between the direction of the
incident waves and the normal to the surface at a point Q on it, writing

€ = (1 +uk cos @)[(k —uk cos ), € = (k' cos ¢+ wk)[(« cos p—uk),*
where
K? = & sin’ ¢+ 4muc Vo,

and o is the specific resistance of the obstacle, the electric current distribution to be
placed on the surface has components

M,(1+€), M, (1+e),
and the magnetic current distribution to be placed on the surface has components
E2 (1_6), El (1-—-6’).

The effect of this distribution can be immediately obtained from the previous
calculations by superposing the two distributions

2M2€’, 2M1€,
and the two distributions

M,(1-¢), E,(1-€); M, (1—¢), E,(1—¢);
the first two involve the same calculation as in the case of the perfectly conducting

* The general value of ¢ is (4w V/o+ ' sec ¢)/(47V Jo — k' sec ¢), which has the approximate value in the
text when the wave-length A of the oscillations is great compared with o/V.
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obstacle, and the second two involve the same calculation as in the case of the
perfectly absorbing obstacle, hence, at points inside the tangent cone from the
oscillator to the surface of the obstacle, the principal parts of the components of the
electric and magnetic forces vanish when the point is not near to the boundary of the
geometrical shadow, at a point P outside the boundary of the geometrical shadow
and not near to it, the principal parts of the components of the electric and magnetic
forces in the reflected waves at P are given by multiplying the components due to
2M, at Q in the case of perfect reflection by ¢ and the components due to 2M, at Q
by €, where OQ, QP make equal angles with the normal at Q to the surface. When
the point P is inside the tangent cone and near to the boundary of the geometrical
shadow, the distribution 2M,e gives the corresponding components multiplied of
—(1—=L)¢ and the distribution M, (1—¢), E,(1—¢) the corresponding components
multiplied by —(1—L)(1—¢), that is these two distributions give the corresponding
components multiplied by —(1—L) and the other two distributions give the corre-
sponding components multiplied by —(1—L); therefore the principal parts of the
components of the electric and magnetic forces at the point P due to the oscillator
and to the assumed distribution on the surface are

LX, LY, LZ, L, LB, Ly,

where X', Y/, Z/, o/, B/, v/ are the principal parts of the components of the electric
and magnetic forces due to the oscillator at the point P and L has the value defined

~above. It may be verified as in the case of the perfect conductor that the boundary
conditions at points on the surface of the obstacle not near to the curve of contact of
the tangent cone from the oscillator are satisfied by this assumed distribution on the
surface. It also follows from the investigation for the case of the perfectly conducting
obstacle that the principal parts of the components of the electric and magnetic forces
at a point P inside the boundary of the geometrical shadow are given by

LX, LY, LZ, L«, LB, Ly,

provided P is at a distance from the surface of the obstacle which is of an order
higher than p (kp)™" and the perpendicular distance of OP from the point R on the
curve of contact of the tangent cone from O to the surface is of the same or higher
order than p (xp)~", where p is the radius of curvature of the normal section of the
surface through OR. The principal parts of the components of the electric and
magnetic forces at points on the surface of the obstacle near the curve of contact but
at a distance along the surface from it of higher order than p (kp)™" can be determined
as follows. Let M’;, M/, be the principal parts of the components of the magnetic
force due to the oscillator tangential to the surface at the point P on it inside the
boundary of the geometrical shadow, M’; being in the plane containing OP and the
normal to the surface at P, and M’, perpendicular to this plane. Further,let M;, M,
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be the principal parts of the components of the actual magnetic force at P in these
directions, then P being at a distance along the surface from the curve of contact of
higher order than p (kp)™", the principal part of the component of the magnetic force
in the plane of OP and the normal to the surface at P which is due to the oscillator
and the actual distribution on the part of the surface inside the tangent cone from O
and nearest to O is LM/, and the principal part of the corresponding component of
the magnetic force due to the local distribution at P is eM,/(1+¢), where
€ = (K +w cos @)[(K'—uwk cos ¢), and ¢ is the acute angle between the normal at P
and OP.

Therefore
M, = eM,/(1+¢€) + LM,
that 1s
M, = (1+¢) LM
Similarly
M, = (1+¢) LM,
where \

¢ = (k' cos ¢+ uk)[(x' cos p—1k),

and the principal parts of the components of the electric force at P can be similarly
obtained. When « is small compared with 47V/o, &' is approximately given by
K = i (1+1), where x, = (27« V[o)", the modulus of 1+¢, is greater than 2, and the
modulus of 1+¢ is greater than 2 provided cos ¢ is greater than x/2«, ; therefore at a
point P on the part of the surface next the oscillator the amplitude of the tangential
magnetic force is greater than in the case of a perfectly conducting obstacle, and at a
point on the part of the surface of the obstacle remote from the oscillator the tan-
gential magnetic force is greater than in the case of a perfectly conducting obstacle,
provided cos ¢ is greater than «/2x,. The same results hold for the components of the
electric force normal to the surface of the obstacle.

It appears from the foregoing investigations that at a point P inside the boundary
of the geometrical shadow formed by any opaque obstacle the principal parts of the
components of the electric and magnetic forces are

LX, LY, LZ, L&, LB, Ly,

where X/, Y, Z, «', B, / are the principal parts of the components of the electric
and magnetic forces at the point P due to the oscillator, when the point P is at a
distance measured along OP from the surface of the obstacle of a higher order than
p (kp)~', that when the obstacle is perfectly absorbing the principal parts of the
components of the electric and magnetic forces at a point P on the surface of the
obstacle inside the boundary of the geometrical shadow have the above values, that
when the obstacle is perfectly conducting the ratio of the electric force normal to the
surface at the point P on it to the electric force normal to the surface of a perfectly
absorbing obstacle occupying the same space at the same point on it is 2, and that
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when the obstacle is imperfectly conducting this ratio is greater than 2,* but
decreases as the distance along the surface of the point P from the edge of the
shadow increases when the magnetic force in the incident waves is perpendicular to
the plane of incidence.

The same methods as have been applied in the foregoing can be used to solve the
problem of the case of a transparent obstacle; it is convenient in this case to treat
separately the components of the electric and magnetic forces tangential to the
surface in and perpendicular to the plane of incidence.

[October 17.—The investigation given above of the effect of a perfectly absorbing obstacle assumes that
the electric and magnetic forces on the surface change abruptly at the curve of contact of the tangent
cone from the point O to the surface. When the creeping effect at the edge is taken into account, the
quantity L gives the ratio of the forces at a point P inside the geometrical shadow to the forces at that
point due to the oscillator alone, only if the point P is subject to the same restrictions as in the case of
the perfectly conducting obstacle, that the distance of the point P along OP from the surface of the
obstacle is of higher order than p (xp)~"s, and that OM is of higher order than p(xp)™". The theorem,
that the electric force normal to the surface of the obstacle at a point on it when the obstacle is perfectly
conducting has double the value it has when the obstacle is perfectly absorbing, can be established
generally as follows: Let E and M be the electric and magnetic forces in the incident waves tangential
to the surface of the obstacle at a point on it. If the surface is perfectly conducting there is an electric
current distribution 2Me on it and a zero magnetic current distribution, and if the obstacle is incapable
of supporting magnetic force there is a zero electric current distribution on it and a magnetic current
distribution 2E«’; the superposition of these two distributions gives the solution for the case when the
obstacle is perfectly absorbing and the electric and magnetic forces in the incident waves tangential to the
surface at a point on it are 2K, 2M. Hence the electric current distribution on the surface of the
obstacle when it is perfectly absorbing is Mw, and when it is perfectly conducting 2Mw, the electric and
magnetic forces in the incident waves tangential to the surface being K, M ; and therefore the magnetic
force tangential to the surface and the electric force normal to the surface of the obstacle when it is

~perfectly conducting have each double the value they have when the obstacle is perfectly absorbing.
Similar reasoning applies to the case of the imperfectly conducting obstacle, the ratio in this case being
1+ ¢ for the component of magnetic force tangential to the surface in the plane of incidence and 1+ ¢ for
the component perpendicular to the plane of incidence.]

* For the case of waves of the wave-lengths used in wireless telegraphy, the conducting body being the
sea, the value of this ratio at a distance of 150 miles is not greater than 2-06 and decreases as the distance

increases.
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